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The eigen-mode of spin oscillations with ω  √58/35Δ is predicted to exist besides already known spin
waves with ω  Δ/√5 in the triplet superﬂuid neutron condensate in the inner core of neutron stars.
The new mode is kinematically able to decay into neutrino pairs through neutral weak currents. The 
problem is considered in BCS approximation for the case of 3 P2–3 F2 pairing with a projection of the 
total angular momentum mj = 0 which is conventionally considered as preferable one at supernuclear
densities. 
© 2011 Elsevier B.V. Open access under CC BY license.
A superﬂuidity of the inner core of neutron stars plays a crucial role in theirs cooling scenario. The energy gap Δ arising in the quasi-
particle spectrum below the critical condensation temperature Tc suppresses the most of neutrino emission mechanisms [1]. According 
to the minimal cooling paradigm [2–5], under these conditions, the most eﬃcient energy losses from the star volume can take place at 
a recombination of thermal excitations in the form of broken Cooper pairs. The neutrino emission at the pair-recombination processes 
occurs through neutral weak currents in the axial channel of weak interactions1 and can be very eﬃcient, in the triplet superﬂuid neutron 
liquid, a few below the critical temperature [6]. However, the corresponding neutrino emissivity falls rapidly with lowering of the temper-
ature because the number of broken pairs, having the excitation energy larger than 2Δ, decreases exponentially. In this case the collective
excitations of the condensate can dominate in the neutrino production.
Since we assume that the condensate consist of neutron pairs in the triplet state it is natural to expect the collective modes associated 
with spin ﬂuctuations of the condensate.2 Such collective excitations with the energy lower than 2Δ might undergo the weak decay into 
neutrino pairs. Recently spin waves with the excitation energy ω = Δ/√5 was predicted to exist in the superﬂuid spin-triplet condensate
of neutrons [8–10]. Because of a rather small excitation energy, the weak decay of such waves leads to a substantial neutrino emission at 
the lowest temperatures T  Tc , when all other mechanisms of the neutrino energy losses are killed by the superﬂuidity.
In Refs. [8–10], the eigen-mode of spin oscillations in the 3 P2 superﬂuid neutron liquid was studied in a simple model restricted to 
excitations of the condensate with l = 1. In this Letter we demonstrate that extending of the decomposition up to l = 1,3 leads to a very
small frequency shift of the known mode, ω = Δ/√5, but opens the new additional mode of spin oscillations with the ﬁnite energy gap
ω(q = 0) < 2Δ. The problem is considered for the case of 3 P2–3 F2 pairing with a projection of the total angular momentum mj = 0 which
is conventionally considered as preferable one at supernuclear densities.
We will examine the spin modes within the BCS approximation.3 Let us remind brieﬂy the theory of spin density excitations in 
the condensate. The order parameter, Dˆ ≡ Dαβ , arising due to triplet pairing of quasiparticles, represents a 2 × 2 symmetric matrix in
spin space, (α,β =↑,↓). The spin–orbit interaction among quasiparticles is known to dominate in the nucleon matter of a high density.
E-mail address: leinson@yandex.ru.
1 The vector channel of the neutrino radiation through neutral weak currents is strongly suppressed in the non-relativistic case [7,8].
2 Previously spin modes have been thoroughly studied in the p-wave superﬂuid liquid 3He with a central interaction between quasiparticles [11–15]. These results cannot
be applied directly to the triplet-spin neutron superﬂuid condensate, where the pairing is caused mostly by the spin–orbit interaction between quasiparticles (see details in 
Ref. [9]).
3 Throughout this Letter, we use the system of units h¯ = c = 1 and the Boltzmann constant kB = 1.0370-2693 © 2011 Elsevier B.V. Open access under CC BY license.
doi:10.1016/j.physletb.2011.07.025
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the total angular momentum ( j,mj),
Φ
( j,l,mj)
αβ (n) ≡
∑
ms+ml=mj
(
1
2
1
2
αβ|sms
)
(slmsml| jm j)Yl,ml (n). (1)
Assuming that the pair condensation occurs into the state with a total angular momentum j = 2 we use the vector notation which involves
a set of mutually orthogonal complex vectors bl,mj (n) deﬁned as
bl,mj (n) = −
1
2
Tr
(
gˆσˆ Φˆ2,l,mj
)
, bl,−mj = (−)mjb∗l,mj , (2)
where σˆ = (σˆ1, σˆ2, σˆ3) are Pauli spin matrices, gˆ = iσˆ2, and the angular dependence of the order parameter is represented by the unit
vector n = p/p which deﬁnes the polar angles (θ,ϕ) on the Fermi surface. The vectors bl,mj are mutually orthogonal and are normalized
by the condition〈
b∗l′,m′jbl,mj
〉= δll′δmjm′j . (3)
Hereafter the angle brackets denote angle averages, 〈· · ·〉 ≡ (4π)−1 ∫ dn · · · .
The block of interaction diagrams irreducible in the channel of two quasiparticles, Γαβ,γ δ , is usually generated by expansion over
spin-angle functions. The spin–orbit interaction among quasiparticles is known to dominate at high densities. This implies that the spin
s and orbital momentum l of the pair cease to be conserved separately, and the complete list of channels includes the pair states with
j = 0,1,2, and |mj|  j. These nine complex states exhaust the number of independent components in the matrix order parameter
arising at the P -wave pairing caused by the strong spin–orbit forces. The pairing in the j = 2 channel dominates, and due to relatively
small tensor components of the neutron–neutron interaction the condensation of pairs occurs in the 3P2 + 3F2 state. In this pairing
model, contributions from 3P2 → 3P0 or 3P2 → 3P1 transitions are deemed to be unimportant. Such assumption is somewhat vulnerable
especially when considering excited state of the condensate. Unfortunately the detailed information on the in-medium effective interaction
between neutrons in the channels j = 0,1 is currently unavailable and requires a special investigation. Hence we take the approximation
to neglect the j = 0,1 coupling throughout this Letter. From now on we omit the suﬃx j everywhere by assuming that the interaction
occurs in the state with j = 2. Thus we assume l = j ± 1, and
Γαβ,γ δ
(
p,p′
)=∑
l′lm j
(−1) l−l
′
2 Vll′
(
p, p′
)(
blm j (n)σˆ gˆ
)
αβ
(
gˆσˆb∗l′mj
(
n′
))
γ δ
, (4)
where Vll′ (p, p′) are the interaction amplitudes, and l, l′ = 1,3, in the case of tensor forces;  = pF M∗/π2 is the density of states near
the Fermi surface in the normal state. The effective mass of a neutron quasiparticle is deﬁned as M∗ = pF /υF , where υF  1 is the Fermi
velocity of the non-relativistic neutrons.
The order parameter is of the following general form
Dˆ(n) =
∑
lm j
Δl,mj (σˆbl,mj )gˆ. (5)
The ground state occurring in neutron matter has a relatively simple structure (unitary triplet) [16,17], where∑
lm j
Δl,mjbl,mj (n) = Δ b¯(n). (6)
On the Fermi surface, Δ is a complex constant, and b¯(n) is a real vector which we normalize by the condition〈
b¯2(n)
〉= 1. (7)
The following orthogonality relations are also valid:∫
dϕ
2π
b∗l,mjbl′,m′j = δmjm′jb∗l,mjbl′,mj , (8)∫
dϕ
2π
(
b¯b∗l,mj
)
(b¯bl′,m′j ) = δmjm′j
(
b¯b∗l,mj
)
(b¯bl′,mj ). (9)
Thus the triplet order parameter can be written as
Dˆ(n) = Δb¯σˆ gˆ. (10)
Making use of the adopted graphical notation for the ordinary and anomalous propagators, Gˆ = , Gˆ−(p) = , Fˆ (1) =
, and Fˆ (2) = , it is convenient to employ the Matsubara calculation technique for the system in thermal equilibrium. Then
the analytic form of the propagators is as follows [18,19]
Gˆ(pη,p) = G(pη,p)δαβ, Gˆ−(pη,p) = G−(pη,p)δαβ, Fˆ (1)(pη,p) = F (pη,p)b¯σˆ gˆ, Fˆ (2)(pη,p) = F (pη,p)gˆσˆ b¯, (11)
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G(pη,p) = −ipη − εp
p2η + E2p
, F (pη,p) = −Δ
p2η + E2p
. (12)
Here pη ≡ iπ(2η + 1)T with η = 0,±1,±2 . . . is the Matsubara’s fermion frequency, and εp = p2/(2M∗) − p2F /(2M∗). The quasiparticle
energy is given by E2p = ε2p + Δ2b¯2(n), where the (temperature-dependent) energy gap, Δb¯(n), is anisotropic. In the absence of external
ﬁelds, the gap amplitude Δ is real.
Finally we introduce the following notation used below. We designate as IX X ′(ω,n,q; T ) the analytical continuations onto the upper-
half plane of complex variable ω of the following Matsubara sums:
IX X ′(ωκ ,n,q; T ) ≡ T
∑
η
1
2
∞∫
−∞
dεp X
(
pη +ωκ,p+ q
2
)
X ′
(
pη,p− q
2
)
, (13)
where X, X ′ ∈ G, F ,G− , and ωκ = 2iπ Tκ with κ = 0,±1,±2 . . . . These are functions of ω, q and the direction of the quasiparticle
momentum p = pn.
We will focus on the processes with ω2 < 2Δ2b¯2 and with a time-like momentum transfer, q2 < ω2. In this case the key role in the
response theory belongs to the loop integral IF F . A straightforward calculation yields IF F (n,ω,qn; T ) = I0(n,ω; T )+ O (q2υ2F /ω2), where
I0(n,ω; T ) =
∞∫
0
dε
E
Δ2
4E2 − (ω + i0)2 tanh
E
2T
. (14)
Insofar as q2υ2F /ω
2  1 and q2υ2F /Δ2  1 we will neglect everywhere small corrections caused by a ﬁnite value of space momentum q.
The gap equations are of the form [16,17,20–24]:
Δl,mj (p) = −
∑
l′
1
2
∫
dp′p′2il−l′Vll′
(
p, p′
)
Δ
(
p′
)〈
T
∑
η
b∗l′,mj (n
′)b¯(n′)
p2η + E2p′
〉
n′
. (15)
We are interested in the processes occurring in a vicinity of the Fermi surface. To get rid of the integration over the regions far from the
Fermi surface we renormalize the interaction as suggested in Refs. [25,26]: we deﬁne
V (r)ll′
(
p, p′; T )= Vll′(p, p′)−∑
l′′
∫
dp′′p′′2
π2
Vll′′
(
p, p′′
)(
GG−
)′′
N V
(r)
l′′l′
(
p′′, p′; T ), (16)
where the loop (GG−)n is evaluated in the normal (non-superﬂuid) state. In terms of V (r)ll′ the renormalized gap equations can be written
in the following matrix form(
Δ1,mj
Δ3,mj
)
= −Δ
(
V (r)11 −V (r)13
−V (r)13 V (r)33
)( 〈b¯b∗1,mj A〉
〈b¯b∗3,mj A〉
)
, (17)
assuming that in the narrow vicinity of the Fermi surface the smooth functions V (r)ll′ (p, p
′) and Δ(p′) may be replaced with constants. In
obtaining Eq. (17) the fact is used that the interaction matrix is symmetric on the Fermi surface, V31 = V13. The function A(n) arises due
to the renormalization procedure. It is given by
A(n) = 1
2
∞∫
0
dε
(
1√
ε2 +Δ2b¯2
tanh
√
ε2 +Δ2b¯2
2T
− 1
ε
tanh
ε
2T
)
. (18)
The interaction matrix can be diagonalized by unitary transformations V ′ = UV U † with U being an unitary matrix
U = (U−1)† = 1
(V+ + V−) 12
( √
V+
√
V−
−√V− √V+
)
, (19)
where V± =
√
(V (r)33 − V (r)11 )2 + 4V (r)213 ± (V (r)33 − V (r)11 ).
One has UV U † = diag(W−,W+) with
W± = 1
2
(
V (r)11 + V (r)33 ±
√(
V (r)33 − V (r)11
)2 + 4V (r)213 ). (20)
Applying the unitary transformation U to the gap equations (17) yields two coupled equations:√
V+Δ1,mj +
√
V−Δ3,mj = −W−
∑
l
Δl,mj
〈(√
V+b∗1,mjbl,mj +
√
V−b∗3,mjbl,mj
)
A
〉
, (21)
√
V−Δ1,mj −
√
V+Δ3,mj = −W+
∑
Δl,mj
〈(√
V−b∗1,mjbl,mj −
√
V+b∗3,mjbl,mj
)
A
〉
. (22)l
L.B. Leinson / Physics Letters B 702 (2011) 422–428 425Fig. 1. Dyson’s equations for the anomalous vertices. The shaded rectangle represents the pairing interaction.
In obtaining these equations we made use of Eq. (6) and orthogonality relations (8), assuming that the energy gap b¯(n)Δ is azimuth-
symmetric [16,17,20–24].
We are interested in the linear medium response onto the external axial-vector ﬁeld. The ﬁeld interaction with a superﬂuid should
be described with the aid of two ordinary and two anomalous three-point effective vertices. In the BCS approximation, the ordinary
axial-vector vertices of a particle and a hole are to be taken as σˆ and σˆ T , respectively. The anomalous effective vertices, Tˆ(1)(n;ω,q)
and Tˆ(2)(n;ω,q) are given by the inﬁnite sums of the diagrams taking account of the pairing interaction in the ladder approximation
[27]. These 2× 2 vector matrices are to satisfy the Dyson’s equations symbolically depicted by graphs in Fig. 1. Analytic form of the above
diagrams is derived in Ref. [8]. After some algebraic manipulations the BCS equations for anomalous vertices can be found in the following
form (we omit for brevity the dependence of functions on ω and q):
Tˆ(1)(n) =
∑
lm j
σˆblm j (n)gˆ
∑
l′
Vll′
1
2
〈
IGG− Tr
[
gˆ
(
σˆb∗l′mj
)
Tˆ(1)
]− IF F Tr[(σˆb∗l′mj )(σˆ b¯)gˆTˆ(2)(σˆ b¯)]− ωΔIF F 2i
(
b∗l′mj × b¯
)〉
, (23)
Tˆ(2)(n) =
∑
lm j
gˆσˆb∗lm j (n)
∑
l′
Vll′
1
2
〈
IG−G Tr
[
(σˆbl′mj )gˆTˆ
(2)]− IF F Tr[(σˆbl′mj )(σˆ b¯)Tˆ(1) gˆ(σˆ b¯)]− ωΔIF F2i(bl′mj × b¯)
〉
. (24)
Inspection of the equations reveals that the anomalous axial-vector vertices can be found in the following form
Tˆ(1)(n,ω) =
∑
lm j
Bl,mj (ω)(σˆbl,mj )gˆ, (25)
Tˆ(2)(n,ω) =
∑
lm j
Bl,mj (ω)gˆ
(
σˆb∗l,mj
)
. (26)
As explained above we are interested in solutions with q = 0. Then inserting of these forms into Eqs. (23), (24) allows to obtain the
equations for Bl,mj (ω). We write the result in the matrix form (for brevity we omit the dependence on n and ω)
(
B1,mj
B3,mj
)
= −
(
V11 −V13
−V13 V33
){⎛⎝
∑
l〈(A + ω
2
2Δ2
I0)(b∗1,mjbl,mj )〉Bl,mj∑
l〈(A + ω
2
2Δ2
I0)(b∗3,mjbl,mj )〉Bl,mj
⎞
⎠
− 2
(∑
l〈I0(b¯b∗1,mj )(b¯bl,mj )〉Bl,mj∑
l〈I0(b¯b∗3,mj )(b¯bl,mj )〉Bl,mj
)
+ ω
Δ
i
( 〈I0(b∗1,mj × b¯)〉
〈I0(b∗3,mj × b¯)〉
)}
. (27)
In this equation, the interaction matrix can be diagonalized by the unitary transformation (19). Further simpliﬁcation is possible due to
the fact that by virtue of Eqs. (21), (22) the coupling constants W± can be removed out of the equations. Explicit evaluation of equations
obtained in this way for arbitrary values of ω and T requires numerical computation. However, we can get a clear idea of the behavior of
the vertex functions using the angle-averaged energy gap Δ2b¯2 → 〈Δ2b¯2〉 = Δ2 in the quasiparticle energy Ep . In this approximation, the
functions I(ω, T ) and A(T ) can be moved beyond the angle integrals. Performing trivial integrations we then get a set of linear equations
(two equations for each value of mj). It is convenient to denote
β
(mj)
l,l′ ≡
〈
(bl,mj b¯)
(
b∗l′,mj b¯
)〉
, (28)
and
Ω = ω
2Δ
. (29)
Then the set of equations can be written in the form
B1,mj
[√
V+
(
Ω2 − β(mj)1,1
)−√V−β(mj)1,3 ]+ B3,mj [√V−(Ω2 − β(mj)3,3 )−√V+β(mj)3,1 ]
= −iΩ(√V+〈b∗1,m × b¯〉+√V−〈b∗3,m × b¯〉), (30)j j
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[−√V−(Ω2 − β(mj)1,1 )−√V+β(mj)1,3 ]+ B3,mj [√V+(Ω2 − β(mj)3,3 )+√V−β(mj)3,1 ]
= −iΩ(−√V−〈b∗1,mj × b¯〉+√V+〈b∗3,mj × b¯〉), (31)
which can be solved to give
B1,mj =
−iΩ
χ
[(
Ω2 − β(mj)3,3
)〈
b∗1,mj × b¯
〉+ β(mj)3,1 〈b∗3,mj × b¯〉], (32)
B3,mj =
−iΩ
χ
[(
Ω2 − β(mj)1,1
)〈
b∗3,mj × b¯
〉+ β(mj)1,3 〈b∗1,mj × b¯〉] (33)
with
χ(Ω) ≡ Ω4 −Ω2(β(mj)1,1 + β(mj)3,3 )+ β(mj)1,1 β(mj)3,3 − β(mj)1,3 β(mj)3,1 . (34)
As is well known, poles of the vertex function correspond to collective eigen-modes of the system. Eigen-frequencies, Ω = Ω(mj) , of
such oscillations satisfy the equation χ(Ω(mj)) = 0. This equation gives
(
Ω
(mj)
±
)2 = 1
2
(
β
(mj)
1,1 + β
(mj)
3,3 ±
√(
β
(mj)
1,1 − β
(mj)
3,3
)2 + 4β(mj)1,3 β(mj)3,1 ). (35)
Notice that the interaction parameters, V± , drop out of the above solutions, which depend explicitly only on the partial gap amplitudes.
This means that the contribution of excited bound pairs with l = 3 into the spin oscillations is caused basically by spin–orbit interactions
but not by the tensor forces.
Indeed, in Eqs. (32)–(35), the equilibrium order parameter is speciﬁed solely by means of the real vector b¯. If we switch off the
interaction in the 3F2 and 3P2–3F2 channels and consider pure 3P2 pairing with mj = 0 we are then left with b¯ = b1,0 and Δ = Δ1,0. In
this case, in Eqs. (32), (33), one has:∫
dϕ
2π
(
b∗1,mj × b¯
)= ∫ dϕ
2π
(
b∗3,mj × b¯
)= 0 formj = 0,±2, (36)
and the non-trivial solutions exist only for mj = ±1. The explicit form of bl,mj can be obtained from Eq. (2):
b1,0 =
√
1
2
⎛
⎝−n1−n2
2n3
⎞
⎠ , b1,1 = −
√
3
4
⎛
⎝ n3in3
n1 + in2
⎞
⎠ , (37)
b3,0 =
√
3
4
⎛
⎜⎝
n1(1− 5n23)
n2(1− 5n23)
n3(3− 5n23)
⎞
⎟⎠ , b3,1 =
√
1
2
⎛
⎝ n3(1− 5n1(n1 + in2))in3(1+ 5in2(n1 + in2))
(n1 + in2)(1− 5n23)
⎞
⎠ . (38)
Making use of these expressions in Eq. (28) we ﬁnd
β
(±1)
1,1 =
1
20
, β
(±1)
3,3 =
29
70
, β
(±1)
1,3 = β(±1)3,1 = −
1
70
√
3
2
. (39)
Inserting these values into Eq. (35) we ﬁnd 4β(±1)1,3 β
(±1)
3,1  (β(±1)3,3 − β(±1)1,1 )2. By neglecting the small term 4β(±1)1,3 β(±1)3,1 under the root in
Eq. (35) we obtain two (twofold) eigen-frequencies of spin oscillations in the condensate with mj = ±1:
ω
(mj)
−  2Δ
√
β
(±1)
1,1 =
1√
5
Δ, (40)
ω
(mj)
+  2Δ
√
β
(±1)
3,3 =
√
58
35
Δ. (41)
In Refs. [9,10], eigen-modes of spin oscillations in the 3P2 superﬂuid neutron liquid was studied in a simple model restricted to
excitations of the condensate with l = 1. The spin wave energy (at q = 0) was found to be ωmj = Δ/
√
5. Eqs. (35), (40), (41) show that
extending of the decomposition up to l = 1,3 in Eqs. (25), (26) leads to a very small frequency shift of the known mode, ω =ω(mj)−  ωmj ,
but opens the new additional mode of spin oscillations with ω = ω(mj)+ .
Neutrino decays of spin waves can play an important role in the cooling scenario of neutron stars. A simple estimate made in Ref. [10]
has shown that the decays of spin waves with ωmj = Δ/
√
5 can become the dominant cooling mechanism in a wide range of low
temperatures and modify the cooling trajectory of neutron stars. As well as the ﬁrst mode, the second mode of spin oscillations is
kinematically able to decay into neutrino pair. Therefore let us examine the wave excitation energies more accurately with taking into
account the tensor forces. We will again focus on the condensation with mj = 0 by assuming Δ2 = Δ21,0 +Δ23,0, and
b¯(n) = Δ1,0 b1,0(n) + Δ3,0 b3,0(n). (42)
Δ Δ
L.B. Leinson / Physics Letters B 702 (2011) 422–428 427Fig. 2. The energy gaps for the collective spin excitations ω
(mj )
− and ω
(mj )
+ vs the ratio of partial gap amplitudes in the 3 F2 and 3 P2 channels. The energy gap of a neutron
quasiparticle is given by Δ2 = Δ21,0 +Δ23,0.
In this case Eqs. (36) are still valid and the non-trivial solutions to Eqs. (32), (33) exist only for mj = ±1. Insertion of the expression (42)
into Eq. (28) results in
β
(±1)
1,1 =
1
20
Δ21
Δ2
(
1− 2
7
√
6
Δ3
Δ1
+ 58Δ
2
3
7Δ21
)
, β
(±1)
3,3 =
29
70
Δ21
Δ2
(
1− 32
87
√
6
Δ3
Δ1
+ 28
87
Δ23
Δ21
)
,
β
(±1)
1,3 = β(±1)3,1 = −
1
140
√
6
Δ21
Δ2
(
1− 11√6Δ3
Δ1
+ 32
3
Δ23
Δ21
)
. (43)
Because β(1)l,l′ = β(−1)l,l′ ≡ βl,l′ we further omit the superscript mj = ±1 by assuming that all the frequencies are twofold. Making use of
Eqs. (43) we ﬁnd
ω2− = Δ21,0
(
13
14
− 1
3
√
6
Δ3
Δ1
+ 23
21
Δ23
Δ21
−
√
15
28
− 25
49
√
6
Δ3
Δ1
+ 485
147
Δ23
Δ21
− 370
441
√
6
Δ33
Δ31
+ 55
63
Δ43
Δ41
)
, (44)
ω2+ = Δ21,0
(
13
14
− 1
3
√
6
Δ3
Δ1
+ 23
21
Δ23
Δ21
+
√
15
28
− 25
49
√
6
Δ3
Δ1
+ 485
147
Δ23
Δ21
− 370
441
√
6
Δ33
Δ31
+ 55
63
Δ43
Δ41
)
. (45)
In Fig. 2, the energy of the collective spin excitations (at q = 0) is shown vs the ratio of the partial gaps x = Δ3,0/Δ1,0. According
calculations of different authors, at the Fermi surface one has Δ3  0.17Δ1 (see, e.g., Ref. [20]). In this case our theoretical analysis
predicts two degenerate modes with ω = ω− = 0.42Δ, and two degenerate modes with ω =ω+ = 1.1917Δ.
Because of a rather small excitation energy the decay of the corresponding collective spin excitations into neutrino pairs should lead
to an extension of the low-temperature domain where the volume neutrino emission dominates the surface gamma radiation in the star
cooling. This effect was already demonstrated in Ref. [10], where only the lowest branch of the collective spin excitations ω = Δ/√5 ω−
has been taken into account. The neutrino emissivity caused by the decay of the new spin modes predicted in this Letter will be considered
elsewhere.
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